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In a compact binary coalescence, the spins of the compact objects can have a significant effect
on the orbital motion and gravitational-wave (GW) emission. For generic spin orientations, the
orbital plane precesses, leading to characteristic modulations of the GW signal. The observation of
precession effects is crucial to discriminate among different binary formation scenarios, and to carry
out precise tests of General Relativity. Here, we work toward an improved description of spin effects
in binary inspirals, within the effective-one-body (EOB) formalism, which is commonly used to build
waveform models for LIGO and Virgo data analysis. We derive EOB Hamiltonians including the
complete fourth post-Newtonian (4PN) conservative dynamics, which is the current state of the art.
We place no restrictions on the spin orientations or magnitudes, or on the type of compact object
(e.g., black hole or neutron star), and we produce the first generic-spin EOB Hamiltonians complete
at 4PN order. We consider multiple spinning EOB Hamiltonians, which are more or less direct
extensions of the varieties found in previous literature, and we suggest another simplified variant.
Finally, we compare the circular-orbit, aligned-spin binding-energy functions derived from the EOB
Hamiltonians to numerical-relativity simulations of the late inspiral. While finding that all proposed
Hamiltonians perform reasonably well, we point out some interesting differences, which could guide
the selection of a simpler, and thus faster-to-evolve EOB Hamiltonian to be used in future LIGO
and Virgo inference studies.
I. INTRODUCTION
The observation of gravitational waves (GWs) from co-
alescing binaries [1–4] using a continually improving net-
work of GW detectors [5–8] is a milestone in fundamen-
tal physics and astrophysics. As the detectors increase
their sensitivity, we will observe more events, with larger
signal-to-noise ratios, spanning a larger region of the pa-
rameter space. Thus, to faithfully recover the sources’
properties, it is important to improve the accuracy of
models of waveforms from binaries of compact objects
(black holes and/or neutron stars) on generic orbits and
with generic spin orientations. In the generic case, the
orbital plane and the objects’ spins precess about the di-
rection of the system’s total angular momentum, leading
to modulations of the GW signal which are a smoking-
gun signature of the dynamical influence of the spins.
Including such precession effects in GW template mod-
els, as opposed to restricting to the simpler aligned-spin
case with no precession, is important for more inclusive
GW searches, more accurate inference studies and tests
of General Relativity.
The effective-one-body (EOB) framework [9, 10] aims
at providing a synergy between multiple analytical ap-
proximations and numerical-relativity (NR) simulations
of relativistic inspiraling binaries. The core ingredient
of the EOB approach is the EOB Hamiltonian, a canon-
ical Hamiltonian describing the binary’s (conservative)
orbital dynamics, which both (i) agrees, in its post-
∗ mohammed.khalil@aei.mpg.de
† jan.steinhoff@aei.mpg.de
‡ justin.vines@aei.mpg.de
§ alessandra.buonanno@aei.mpg.de
Newtonian (PN) expansion,1 with known results for arbi-
trary mass ratios from PN calculations (in the weak-field
and low-speed regime), and (ii) becomes, in the extreme-
mass-ratio limit, an exact Hamiltonian for a test (or
probe) particle in an exact black-hole spacetime, valid
for arbitrary separations and speeds. The EOB Hamilto-
nian is naturally expressed as a deformation of the zero-
mass-ratio test-particle Hamiltonian, with the deforma-
tion determined by finite-mass-ratio results from the PN
approximation. For example, the original (nonspinning)
EOB Hamiltonian [9] becomes, as the mass ratio goes to
zero, the exact Hamiltonian for a test mass undergoing
geodesic motion in a Schwarzschild (nonspinning black
hole) spacetime.
In generalizing to spinning black holes, the first natural
replacement for the Schwarzschild-geodesic Hamiltonian
is the Hamiltonian for geodesic (test-mass) motion in an
exact Kerr (spinning black hole) spacetime.2 A spin-
ning EOB (SEOB) Hamiltonian incorporating the Kerr-
geodesic limit was first constructed in Ref. [12] including
leading-order (LO) spin-orbit and LO spin-squared ef-
fects in the PN expansion. This was later extended to the
next-to-leading (NLO) [13] and next-to-NLO (NNLO)
[14] spin-orbit levels, and to the NLO spin-squared level
for aligned spins [15, 16] and then for generic (precessing)
spins [17]. The Kerr-geodesic-based approach for aligned
spins has been further developed in Refs. [18–24], e.g.,
1 Recently, also the post-Minkowskian (weak-field) approximation
for unbound orbits is considered; see below.
2 With the aim of building a first inspiral-merger-ringdown wave-
form model for generic spins, Ref. [11] employed a spinning EOB
Hamiltonian built by adding to the Schwarzschild-geodesic EOB
Hamiltonian the PN-expanded spin Hamiltonian.
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2by including matter effects (for neutron stars) and cali-
bration to NR simulations. A second category of SEOB
Hamiltonians is based on the Hamiltonian for a spinning
test-body (test spin) in a Kerr background [25, 26], first
developed with NLO [27] and then NNLO [28] spin-orbit
terms and with LO spin-squared terms. Such Hamiltoni-
ans have always been applicable for generic (precessing)
spins. They have been generalized to include tidal ef-
fects in Refs. [29, 30], they have been used for studies of
extreme-mass-ratio binaries in Ref. [31] and periastron
advance in Ref. [32], and they have been refined and cal-
ibrated to NR simulations in Refs. [33–38]. EOB Hamil-
tonians have also been constructed to include informa-
tion from gravitational self-force calculations [39–42] (for
extreme mass ratios) and from the post-Minkowskian ap-
proximation [43–45] (assuming weak fields but allowing
arbitrary speeds). A recent comparison of various SEOB
waveform models is given in Ref. [46]. Waveform mod-
els constructed with the SEOB Hamiltonians based on
a spinning test-body in a Kerr background [34–38] have
been employed in template banks of LIGO and Virgo,
and inference studies of binary black holes [1, 2, 4]. For
parameter estimation of binary neutron stars both classes
of SEOB Hamiltonians have been employed in Ref. [4].
The goal of the present paper is to construct SEOB
Hamiltonians for compact binaries (black holes or neu-
tron stars) that include all known PN results to 4PN or-
der for generic orbits and spin orientations. Beyond the
up-to-NNLO spin-orbit and spin-squared contributions,
the 4PN level includes also the LO cubic and quartic in
spin terms. Previous work is not complete to 4PN order
for generic spins [17, 27, 28] or complete to 4PN but valid
for aligned spins only [19, 22, 23, 47]. We construct three
SEOB Hamiltonians in this paper: (i) a Hamiltonian
based on Ref. [17], which uses the idea of “centrifugal
radius” rc [19], while recovering the Kerr-geodesic limit;
(ii) a simplified version of the Hamiltonian from Ref. [17]
that does not use a centrifugal radius and has a differ-
ent factorization for the PN spin corrections, similarly
recovering the Kerr-geodesic limit; and (iii) one Hamil-
tonian following Refs. [25, 27, 28] which recovers the dy-
namics of a spinning test-body in the Kerr spacetime in
the small-mass-ratio limit (see Table I for a summary of
the differences between these Hamiltonians). As we wish
to somewhat fairly compare different treatments of spin
effects in the EOB formalism, we have modified some
details of the original proposals of Refs. [17, 28] such
that all the Hamiltonians agree in the zero-spin limit.
We compare the aligned-spin circular-orbit binding en-
ergy functions from the different Hamiltonians with NR
simulations and with the aligned-spin Hamiltonian from
Refs. [19, 23, 47]. This enables one to assess compromises
between accuracy and simplicity of the SEOB Hamilto-
nians.
The paper is organized as follows. In Sec. II we provide
an overview of SEOB Hamiltonians and their construc-
tion. Sections III and IV present the ansa¨tze of the SEOB
Hamiltonians, with explicit results matched to 4PN in
Appendix B. We then compare the aligned-spin circular-
orbit binding energy of the Hamiltonians against NR in
Sec. V. Our conclusions are given in Sec. VI. Appendix A
corrects an omission at NLO S2 in the Hamiltonian of
Ref. [15].
Notation
We use geometric units such that the speed of light
c and the Newton constant G are equal to 1. We uti-
lize various combinations of the masses m1, m2 of the
binary’s components,
M = m1 +m2, µ =
m1m2
M
, ν =
µ
M
,
q =
m1
m2
, X1 =
m1
M
, X2 =
m2
M
. (1)
For the spins S1, S2, we define the dimensionless versions
χ1 =
a1
m1
=
S1
m21
, χ2 =
a2
m2
=
S2
m22
, (2)
along with the intermediate a1, a2. The relative position
and momentum are denoted by r and p, respectively.
Using an implicit Euclidean background, it holds
p2 = p2r +
L2
r2
, pr = n · p, L = r × p, (3)
where n = r/r with r = |r|, and L is the orbital angular
momentum with magnitude L. For convenience, we also
introduce rescaled dimensionless variables,
rˆ =
r
M
, pˆ =
p
µ
, Hˆ =
H
µ
, Lˆ =
L
Mµ
, aˆ =
a
M
,
(4)
and similarly for the magnitudes rˆ = |rˆ|, etc.; here, H
is any of several Hamiltonians encountered below, and
a = SKerr/M is the rescaled spin of an effective Kerr
black hole.
II. SPINNING EFFECTIVE-ONE-BODY
HAMILTONIANS
In this section, we give an overview of spinning EOB
Hamiltonians and their construction [9, 12–17, 19, 23, 25,
27, 28, 47], on which current EOB waveform models are
built [10, 20, 21, 23, 24, 33–37, 48]. The EOB Hamiltoni-
ans are constructed such that (i) they describe geodesic
motion in Kerr spacetime in the limit of vanishing mass
ratio and that (ii) they agree (up to a canonical trans-
formation) with a PN approximate Hamiltonian describ-
ing the conservative binary motion up to a certain order
(here the 4PN order [49]). A certain class of EOB Hamil-
tonians [25, 27, 28] also incorporates the (nongeodesic)
motion of spinning test particles in Kerr spacetime in the
small mass-ratio limit, as described by the Matthisson-
Papapetrou-Dixon equations [50–54].
3TABLE I. The SEOB Hamiltonians used in this paper and the differences between them. All Hamiltonians include complete
4PN results for generic spins and compact objects, except for the last Hamiltonian, which is for aligned spins.
SEOB definition references
SEOBTS based on the Hamiltonian for a test spin (TS) in Kerr spacetime [27, 28]
SEOBrcTM based on the Hamiltonian for a test mass (TM) in Kerr spacetime; it uses the centrifugal radius rc [17]
SEOBTM simplified version of SEOB
rc
TM; it does not use rc; it uses different factorization for spin corrections [this paper]
SEOBrc,alignTM similar to SEOB
rc
TM, but for aligned spins and includes S
2 and S4 corrections, differently [19, 23, 47]
We consider a spinning binary in the center-of-mass
frame. The orbital dynamics is described by the relative
separation r and linear momentum p vectors, and the
internal dynamics is assumed to be captured by the spins
S1 and S2 of each body. The Poisson brackets between
these dynamical variables are the standard ones,
{ri, pj} = δij , (5a)
{Si1, Sj1} = ijkSk1 , (5b)
{Si2, Sj2} = ijkSk2 , (5c)
with all others vanishing. The dynamics on phase space
is generated by a Hamiltonian function H(r,p,S1,S2).
The equation of motion of a generic phase-space function
A reads
dA
dt
= {A,H}+ ∂A
∂t
. (6)
Here the Hamiltonian is either the PN HPN or the EOB
HEOB one. The EOB Hamiltonian HEOB itself is given in
terms of another Hamiltonian, the effective Hamiltonian
Heff, via the energy map,
HEOB = M
√
1 + 2ν
(
Heff
µ
− 1
)
. (7)
The utility of this energy map was demonstrated, e.g., in
Refs. [9, 43, 55]. For instance, if for Heff one just takes
the Hamiltonian of geodesics in Schwarzschild spacetime,
then HEOB correctly describes both the 1PN and first
post-Minkowskian dynamics [9, 43].
A. The effective Hamiltonian
The central idea of the EOB Hamiltonian is to combine
the dynamics in the test-body limit (with no restriction
on the speed or field strength) with the PN dynamics
(not restricted in the mass ratio). In this way, one might
overcome some of the limitations of the individual ap-
proximations. This can be achieved by making an ansatz
for Heff as a deformation of the test-body-limit Hamilto-
nian (deforming it such that PN results are recovered),
which is the purpose of this section. Note that in the
test-body limit HEOB ≈ Heff + const.
Let us review the Hamiltonian of a spinning test-body
in Kerr spacetime [25, 26]. One can easily specialize this
to the nonspinning (geodesic) case, which is the basis of
some SEOB models. These test-body Hamiltonians are
the basis for all SEOB models. The (inverse) Kerr metric
gµνKerr in Boyer-Lindquist coordinates (x
µ) = (t, r, θ, φ) is
given by the line element
−dτ2 = gµνKerr∂µ∂ν
= − Λ
∆Σ
∂2t +
∆
Σ
∂2r +
1
Σ
∂2θ
+
Σ− 2Mr
Σ∆ sin2 θ
∂2φ −
4Mra
Σ∆
∂t∂φ, (8)
where M is the mass of the black hole, σ = Ma is its
spin, and
Σ ≡ r2 + a2 cos2 θ, ∆ ≡ r2 − 2Mr + a2, (9a)
Λ ≡ (r2 + a2)2 − a2∆ sin2 θ. (9b)
The Hamiltonian of a spinning test-body HKerr can be
obtained as a solution of the mass-shell constraint (see,
e.g., Ref. [26])
−µ2 = gµνKerr
(
pµ − 1
2
ωµabS
ab
∗
)(
pν − 1
2
ωµabS
ab
∗
)
+O(S2∗),
(10)
where pµ = (−HKerr, pr, pθ, pφ), µ is the mass of the test-
body, Sab∗ = −Sab∗ is its spin tensor in a local Lorentz
frame (ea
µeaν = gµνKerr), ωµab = ebν∇µeaν are the Ricci
rotation coefficients, and ∇µ is the covariant derivative.
The canonical spin vector of the test-body S∗ is given by
Si∗ =
1
2
ijkSjk∗ and the components S0i are fixed by the
supplementary condition Sab(eb
µpµ+µ
2δ0b ) = 0+O(S2∗),
all in the local frame.
Let us split HKerr into a part dependent on the test-
spin S∗ and the remaining S∗-independent terms into
parts even and odd in the Kerr spin a,
HKerr = HKerreven +H
Kerr
odd +H
Kerr
S∗ . (11)
Following the procedure outlined above, and choosing the
local frame from Ref. [27], this leads to
HKerreven = α
Kerr
√
µ2 + γφφKerrp
2
φ + γ
rr
Kerrp
2
r + γ
θθ
Kerrp
2
θ,
(12a)
HKerrodd = β
Kerrpφ (12b)
4HKerrS∗ =
[
Ft +
(
βKerr +
αKerrγφφKerrpφ√
qKerr
)
Fφ
]
· S∗
+
αKerr√
qKerr
(
γrrKerrprFr + γ
θθ
KerrpθFθ
) · S∗
+O(S2∗), (12c)
with
αKerr =
1√−gttKerr =
√
∆Σ
Λ
, (13a)
βKerr =
gtφKerr
gttKerr
=
2aMr
Λ
, (13b)
γφφKerr = g
φφ
Kerr −
gtφKerrg
tφ
Kerr
gttKerr
=
Σ
Λ sin2 θ
, (13c)
γrrKerr = g
rr
Kerr =
∆
Σ
, (13d)
γθθKerr = g
θθ
Kerr =
1
Σ
, (13e)√
qKerr =
HKerreven
αKerr
, (13f)
and with explicit expressions for the fictitious gravito-
magnetic (frame-dragging) force interacting with the
test-spin S∗ given in Ref. [32] in terms of the vectors Fµ
(reproduced here in Sec. IV). A simplified version of this
Hamiltonian for aligned spins and motion in the equato-
rial plane can be found in Ref. [56]. Simplifications for
the generic-spin case are possible by making a different
choice for the local frame which may simplify the Ricci
rotation coefficients, see, e.g., Appendix C of Ref. [26].
The Hamiltonian above is written in terms of com-
ponents instead of vectors, which is a disadvantage for
some purposes. Following Ref. [17], we transform to a
3-vector notation (with an implicit flat Euclidean back-
ground) by treating (r, θ, φ) as spherical coordinates,
with r = (x, y, z) = r(sin θ cosφ, sin θ sinφ, cos θ) and
a = (0, 0, a). This is accompanied by a transformation
of the momenta pr, pθ, pφ to the new momenta p,
pr = n · p, pφ = Lz = (r × p)z (14a)
p2θ
r2
= p2 − p2r −
p2φ
r2 sin2 θ
(14b)
which makes it an overall canonical transformation. Not-
ing that a2p2φ/r
2 = (n × p · a)2, a cos θ = n · a, and
a2 sin2 θ = a2 − (n · a)2, this results in the even-in-a
Hamiltonian
HKerreven =
[
AKerr
(
µ2 +BKerrp p
2 +BKerrnp (n · p)2
+BKerrnpa (n× p · a)2
)]1/2
, (15a)
with
AKerr = (αKerr)2 =
∆Σ
Λ
, (16a)
BKerrp = r
2γθθKerr =
r2
Σ
, (16b)
BKerrnp = γ
rr
Kerr − r2γθθKerr =
r2
Σ
[
∆
r2
− 1
]
, (16c)
BKerrnpa =
r2
a2
[
γφφKerr −
γθθKerr
sin2 θ
]
= − r
2
ΣΛ
(Σ + 2Mr), (16d)
and
Σ = r2 + (n · a)2, ∆ = r2 − 2Mr + a2, (17a)
Λ = (r2 + a2)2 −∆a2 + ∆(n · a)2. (17b)
Similarly, the odd-in-a part reads
HKerrodd = β
Kerrpφ =
2Mr
Λ
L · a. (18)
We now have all ingredients in order to discuss how
an ansatz for the effective Hamiltonian can be built. In
general, one takes the effective Hamiltonian to be a defor-
mation of the Kerr Hamiltonian (the deformation param-
eter being the symmetric mass ratio ν), either for a test
spin or a test mass. While all EOB models agree on the
identification of the masses between the test-body and
comparable mass case (M = m1 + m2, µ = m1m2/M),
different choices are made for mapping the spins a and
S∗ to S1 and S2. Let us consider a simple explicit ex-
ample. We could write the even-in-a part of the effective
Hamiltonian as
Heffeven =
[
A
(
µ2 +Bpp
2 +Bnp(n · p)2
+Bnpa(n× p · a)2 + µ2Q
)]1/2
, (19)
where the momentum-independent potentials A, Bp,
Bnp, Bnpa are the Kerr potentials given above modified
by PN corrections (to be determined). The quantity Q is
a momentum-dependent potential introduced in Ref. [55],
which may accommodate PN terms that do not fit into
the momentum-independent potentials. (In cases where
Q vanishes, the deformed Hamiltonian can be interpreted
as describing geodesic motion in a ν-deformed Kerr met-
ric.) The mentioned potentials should all be of even order
in spin, while terms of odd order in spin should be in-
cluded via a deformation of HKerrodd . More explicit ansa¨tze
for the PN-corrected SEOB Hamiltonians and their po-
tentials are discussed below.
B. Matching to post-Newtonian results
To fix the potentials in the ansatz for an effective
Hamiltonian, one demands that the EOB Hamiltonian
HEOB agrees with the Hamiltonian in the PN approxi-
mation HPN up to a canonical transformation. This will
eventually not uniquely fix the potentials, but leave some
(gauge) freedom.
5Here we use the spinning PN Hamiltonian derived in
the framework and gauges introduced in Ref. [57], since
it is available to 4PN order in the spinning sector [49].
Broken up into leading order (LO), next-to-LO (NLO),
next-to-NLO (NNLO) PN parts and into powers of spin,
it reads
HPNspin = (20)
HLOS +H
NLO
S +H
NNLO
S
+HLOS2 +H
NLO
S2 +H
NNLO
S2
+HLOS3
+HLOS4
. . .
O( 1c3 ) +O( 1c4 ) +O( 1c5 ) +O( 1c6 ) +O( 1c7 ) +O( 1c8 )
where columns correspond to PN orders counted by the
inverse of the speed of light c (one PN order is O(c−2)).
Except for the self-spin-squared interactions in HNNLOS2
calculated in Ref. [58], these results have been derived
in different frameworks and checked against each other:
HLOS in Refs. [59–66], H
NLO
S in Refs. [67–73], H
NNLO
S
in Refs. [74–78], HLOS2 in Refs. [61–63, 65, 79], H
NLO
S2
in Refs. [80–88], HNNLOS2 in Refs. [58, 75, 89–91], H
LO
S3
in Refs. [92–96], and HLOS4 in Refs. [92–94, 96]. These
Hamiltonians are valid for both black holes and neu-
tron stars. They depend on coefficients (C˜(ES2), C˜(BS3),
C˜(ES4)) which are the proportionality constants between
the spin-induced multipoles (quadrupole, octupole, hex-
adecapole) and symmetric-tracefree tensors built out of
(two, three, four) spin vectors (respectively). The pro-
portionality constants depend on the type of compact
object (and on the equation of state in case of a neutron
star); here they are normalized to 0 for black holes (in the
original paper [49], they are normalized to 1 and denoted
without a tilde; see also Appendix B). This normalization
makes sense here since we base the EOB Hamiltonian on
a deformation of the Kerr one. Of course, the PN Hamil-
tonian HPN = HPNns +H
PN
spin must be supplemented by its
nonspinning (ns) part HPNns , which we only need to 2PN
order here in order to construct the canonical transfor-
mation of the spin sector; it can be derived, e.g., from the
Lagrangian in Ref. [97]. The nonspinning part was de-
rived to 4PN order using independent methods [98–101]
and partial results at 5PN have already been obtained
[102–104].
The condition that the EOB Hamiltonian HEOB must
coincide with results for the PN-approximate binary
Hamiltonian HPN up to a canonical transformation reads
HEOB = HPN + {G, HPN}+ 1
2!
{G, {G, HPN}}
+
1
3!
{G, {G, {G, HPN}}}+ . . . (21)
where G is the generating function of the canonical trans-
formation. If G is small in the PN approximation, then
the series in Eq. (21) terminates after a finite number of
terms at a given PN order. In practice, one makes a PN-
approximate and manifestly rotation invariant ansatz for
G in terms of the canonical variables; we provide an ex-
plicit expression for G as Mathematica code in the sup-
plementary material. Equation (21) then leads to con-
straints on the coefficients in the ansatz for G and Heff.
The remaining freedom in the coefficients is a gauge free-
dom within the EOB formalism.
Let us note some general considerations about how
part of this gauge freedom can be fixed in SEOB models.
Since binaries are expected to be on almost circular orbits
during their last orbits, it makes sense to fix the gauge
freedom of the EOB Hamiltonian such that it simplifies
for circular orbits, for which pr ≡ n · p = 0 [55]. Taking
the ansatz in Eq. (19) as an example, this means that—
using the canonical transformation discussed above—one
should transform as many PN terms as possible into a
form such that they can be included in the potential
BKerrnp , which drops out of the Hamiltonian for circular
orbits. In the nonspinning case, it is additionally possible
to require that the potential Q depends on the momen-
tum only via pr, and this uniquely fixes all EOB gauge
freedom [9, 55]. For the example in Eq. (19), following
the structure of the nonspinning Hamiltonian, it is nat-
ural to require that: (i) the momentum-dependence of
HKerrodd is expressed in terms of pr whenever possible [13],
(ii) Bnpa = B
Kerr
npa [17], and (iii) terms in Q have a power
in pr that is as high as possible. The last requirement
ensures that Q vanishes for circular orbits, as in the non-
spinning case.
These considerations still leave some remaining gauge
freedom in the spinning case, which we fix such to sim-
plify the EOB Hamiltonian also for aligned spins. For
example, it is possible to choose PN corrections in the
potential Bp such that it only depends on terms of the
form n · S but not S · S. Any remaining gauge freedom
beyond that may be chosen arbitrarily.
III. SPINNING EFFECTIVE-ONE-BODY
HAMILTONIANS WITH TEST MASS
In this section we present different ansa¨tze for effective
Hamiltonians based on the Kerr geodesic one. That is,
we do not include the Kerr test-spin Hamiltonian HKerrS∗
here and instead make an ansatz of the form
Heff = Heffeven +H
eff
odd. (22)
The explicit lengthy results from the matching at 4PN
order against PN results (and fixing of the remaining
gauge freedom) are given in Appendix B. We start with
an extension of the SEOB Hamiltonian from Ref. [17],
which we call SEOBrcTM, to 4PN order, here including
spin effects at LO S3, and NNLO S2. We also extend
that Hamiltonian from black holes to generic compact
objects, e.g., neutron stars. We proceed with a simpli-
fied version of the SEOBrcTM Hamiltonian to 4PN order
6that does not make use of the “centrifugal radius” intro-
duced in Ref. [19]. For completeness, we also summarize
the SEOBrc,alignTM Hamiltonian from Refs. [19, 22, 23, 47]
which is valid for aligned spins only. We do not include
additional PN terms in the SEOBrc,alignTM Hamiltonian
since it is already 4PN complete for generic bodies. For
convenience we summarize the Hamiltonians in Table I.
A. Effective-one-body Hamiltonian with test-mass
limit and centrifugal radius: SEOBrcTM
Reference [17] was the first to construct an SEOB
Hamiltonian with NLO spin-squared terms for generic
spin orientations (but omitting a subtle contribution, in-
cluded here, see Appendix A). Here we extend the Hamil-
tonian to include NNLO spin-squared and LO spin-cubed
terms, and add multipole constants to make it applicable
to generic bodies like neutron stars.
For the even-in-spin part of the SEOBrcTM Hamiltonian,
we use the ansatz in Eq. (19),
Heffeven =
[
A
(
µ2 +Bpp
2 +Bnp(n · p)2
+Bnpa(n× p · a)2 + µ2Q
)]1/2
, (23)
where the Kerr spin is mapped according to
a = a1 + a2 . (24)
This ensures that the Hamiltonian reproduces leading-
order PN results at all even orders in spin [105]. The
effective Hamiltonian further uses the “centrifugal ra-
dius” rc, which was introduced in Ref. [19] and is
defined such that the Kerr Hamiltonian for aligned
spins and equatorial orbits can be written as HKerreven =√
AKerr
(
µ2 + p2φ/r
2
c + p
2
r/B(r)
)
, which implies the def-
inition
rc =
√
r2 + a2 +
2Ma2
r
. (25)
The centrifugal radius was generalized to generic spin
orientations in Ref. [17]. In terms of rc, the Kerr po-
tential AKerr from Eq. (16a) can be written equivalently
as
AKerr =
(
1− 2M
rc
) (1 + 2Mrc )(
1 + 2Mr
) 1 + (n·a)2r2
1 + ∆ (n·a)
2
r2r2c
. (26)
In the nonspinning limit, only the first term above re-
mains, which reduces to the Schwarzschild A-potential.
This is the reason why Ref. [17] adds the zero-spin PN
corrections to 1− 2M/rc. However, in this paper we in-
tend to investigate spin effects across different Hamilto-
nian descriptions, so we need to make sure that the non-
spinning Hamiltonians are identical. That is, we need to
choose a method for adding zero-spin corrections that can
be applied to all four EOB Hamiltonians considered here.
We simply multiply the Kerr potential AKerr by zero-spin
PN corrections denoted A0 below (without performing a
Pade´ or log resummation3 of A0). For the spin-squared
corrections, we follow Ref. [17] and add spin-squared cor-
rections of the form n ·S to the term 1+ (n ·a)2/r2, and
add corrections of the form S · S to 1 + 2M/rc, since it
has an expansion of the form 1 + 2M/r−Ma2/r3 + . . . .
One employs similar considerations for adding PN cor-
rections to the B-potentials in Eq. (23), leading to the
following ansatz:
A =
(
1− 2M
rc
) (1 + 2Mrc +ASS +AS4)(
1 + 2Mr
)
(
1 + (n·a)
2
r2 +A
nS
)
(
1 + ∆ (n·a)
2
r2r2c
) A0(rc) , (27a)
Bp =
[
1 +
(n · a)2
r2
+BnSp
]−1
, (27b)
Bnp =
1
1 + (n·a)
2
r2
[(
1− 2M
r
+
a2
r2
)(
A0(rc)D
0(rc) +B
SS
np +B
nS
np
)− 1] , (27c)
Bnpa = B
Kerr
npa , (27d)
Q = Q0(rc) +Q
S2 . (27e)
Note that we use the gauge choice from Ref. [17], i.e., there are no corrections of the form S · S in the potential Bp,
which simplifies the Hamiltonian for aligned spins and circular orbits.
3 The justification for the Pade´ or log resummations is that they
improve agreement with NR in some models and may hence be
seen as an implicit calibration. In this paper, however, we con-
sider EOB Hamiltonians with no calibration to NR, so we try to
avoid such resummations, in particular in the nonspinning part.
7The 4PN corrections to the nonspinning effective Hamiltonian were obtained in Ref. [106]. Since we factor the PN
corrections in A0(rc), we choose it such that the PN expansion of the A potential agrees, in the nonspinning limit,
with the results of Ref. [106]. Writing the PN corrections using scaled variables (4) to simplify notation, we obtain
A0(rc) = 1 + ν
[
2
rˆ3c
+
(
106
3
− 41
32
pi2
)
1
rˆ4c
+
(
1
20
+
41
32
pi2ν − 221
6
ν +
963
512
pi2 +
128
5
γE +
256
5
ln 2 +
64
5
ln
1
rˆc
)
1
rˆ5c
]
(28a)
D0(rc) = 1 + 6ν
1
rˆ2c
+
(
52ν − 6ν2) 1
rˆ3c
+
[(
123
16
pi2 − 260
)
ν2 + ν
(
−23761
1536
pi2 − 533
45
+
1184
15
γE − 6496
15
ln 2 +
2916
5
ln 3
)
+
592
15
ν ln
1
rˆc
]
1
rˆ4c
, (28b)
Q0(rc) =
[
2(4− 3ν)ν 1
rˆ2c
+
((
−5308
15
+
496256
45
ln 2− 33048
5
ln 3
)
ν − 83ν2 + 10ν3
)
1
rˆ3c
]
pˆ4r
+
[(
−827
3
− 2358912
25
ln 2 +
1399437
50
ln 3 +
390625
18
ln 5
)
ν − 27
5
ν2 + 6ν3
]
pˆ6r
rˆ2c
, (28c)
where the corrections are expressed in terms of the cen-
trifugal radius rc, with rˆc = rc/M , and pˆr = pr/µ. Note
that here and in the SEOB models discussed below, we
are using Taylor-expanded and not resummed versions
of these potentials—we want to compare the different
ansa¨tze of the Hamiltonians irrespective of possible re-
summations for the potentials (see also footnote 3).
Spin-squared contributions, up to NNLO, are added to
the Hamiltonian using the following ansatz
ASS =
cn
rˆ3c
χi · χj + cn
rˆ4c
χi · χj + cn
rˆ5c
χi · χj , (29a)
AnS =
cn
rˆ3c
(n · χi)(n · χj) + cn
rˆ4c
(n · χi)(n · χj)
+
cn
rˆ5c
(n · χi)(n · χj), (29b)
BnSp =
cn
rˆ3c
(n · χi)(n · χj) + cn
rˆ4c
(n · χi)(n · χj), (29c)
BnSnp =
cn
rˆ3c
(n · χi)(n · χj) + cn
rˆ4c
(n · χi)(n · χj), (29d)
BSSnp =
cn
rˆ3c
χi · χj + cn
rˆ4c
χi · χj , (29e)
QS
2
=
pˆ4r
rˆ3c
[cnχi · χj + cn(n · χi)(n · χj)]
+
pˆ3r
rˆ3c
cn(p · χi)(n · χj), (29f)
where we followed Ref. [17] in expressing the corrections
in terms of rc. We employ notation such that, e.g.,
cnχi · χj ≡ cnχ21 + cnχ1 ·χ2 + cnχ22. Each cn stands for
an independent undetermined coefficient in our ansatz,
i.e., we use the same symbol cn for all coefficients to sim-
plify notation. The full expressions after matching to PN
results are provided in Appendix B. Note that we added
LO S2 corrections to the A-potential above (which vanish
for black holes) to account for the multipole constants of
neutron stars.
The NLO S2 contributions were included in the ef-
fective Hamiltonian in Ref. [17], however the authors
missed a contribution in matching the EOB Hamiltonian
to PN results, namely from the LO S2 generating func-
tion applied to the LO SO Hamiltonian, i.e., from the
Poisson bracket {GLOS2 , HLOS }. In Appendix A, we write
the matching results for NLO S2, using the notation of
Ref. [17], after taking into account the missing Poisson
bracket.
The leading-order quartic-in-spin terms AS
4
are zero
for black holes, since the Kerr Hamiltonian, with the
mapping a = a1 + a2, automatically reproduces them,
but they are nonzero for other types of compact objects.
We take the most generic expression for the S4 correc-
tions
AS
4
=
1
rˆ5c
[
cn(χi · χj)(χk · χl)
+ cn(χi · χj)(n · χk)(n · χl)
+ cn(n · χi)(n · χj)(n · χk)(n · χl)
]
, (30)
where a summation over the spins of the two bodies is
implied, and terms symmetric under the exchange of the
two bodies’ labels are only included once.
The spin-orbit and spin-cubed PN corrections are
added to the odd-in-spin part of the Kerr Hamiltonian
HKerrodd . For the SO part we use the ansatz in Refs. [17, 19],
and we add to it S3 corrections,
Hˆeffodd =
GS
rˆrˆ2c
(
1 + ∆ (n·a)
2
r2r2c
) (X21 Lˆ · χ1 +X22 Lˆ · χ2)
+
GS∗
rˆ3c
ν
(
Lˆ · χ1 + Lˆ · χ2
)
+
GS3
rˆ4c
Lˆ · χ1 + G˜S3
rˆ4c
Lˆ · χ2 , (31a)
8where
GS = 2
[
1 +
cn
rˆc
+ cnpˆ
2
r +
cn
rˆ2c
+ cn
pˆ2r
rˆc
+ cnpˆ
4
r
]−1
,
GS∗ =
3
2
[
1 +
cn
rˆc
+ cnpˆ
2
r +
cn
rˆ2c
+ cn
pˆ2r
rˆc
+ cnpˆ
4
r
]−1
(32a)
GS3 =
1
rˆc
[
cnχ1 · χ1 + cnχ2 · χ2 + cnχ1 · χ2
+ cn(n · χ1)2 + cn(n · χ2)2
+ cn(n · χ1)(n · χ2)
]
+ pˆ2r
[
cn(n · χ1)2 + cn(n · χ2)2
+ cn(n · χ1)(n · χ2)
]
+
Lˆ2
rˆ2
[
cn(n · χ1)2 + cn(n · χ2)2
+ cn(n · χ1)(n · χ2)
]
,
G˜S3 = GS3 with 1↔ 2. (32b)
Note that an inverse-Taylor resummation is used for GS
and GS∗ , which improves the description of the binary
dynamics for aligned spins [19]. In the spin-cubed cor-
rections GS3 and G˜S3 , a gauge freedom exists which we
chose such that terms of the form p2rχi · χj or L2χi · χj
are not included. Explicit results after matching at 4PN
can be found in Appendix B 1.
B. A simplified effective-one-body Hamiltonian
with test-mass limit: SEOBTM
Since it is important to have fast and simple EOB
waveform models, in this section, we consider a simplified
version of the SEOBrcTM Hamiltonian that uses r instead
of rc for the PN corrections. In order to assess the effect
of this simplification, we also avoid resummations that
are not motivated by the structure of the interactions,
i.e., we factorize spin corrections to the Kerr potentials
and do not use an inverse-Taylor resummation for the
spin-orbit part.
The potentials of the effective Hamiltonian are simply
taken to be
A = AKerr
(
A0 +ASS +AnS +AS
4
)
, (33a)
Bp = B
Kerr
p
(
1 +BnSp
)
, (33b)
Bnp =
(
1− 2rˆ + aˆ
2
rˆ2
) (
A0D0 +BSSnp +B
nS
np
)− 1
1 + (n · aˆ)2/rˆ2 ,
(33c)
Bnpa = B
Kerr
npa , (33d)
Q = Q0 +QS
2
, (33e)
where the zero-spin corrections A0(r), D0(r) and Q0(r)
are given by Eq. (28) but in terms of r instead of rc.
The ansa¨tze for the S2 and S4 corrections are given by
the corresponding expressions from the previous section,
i.e., Eqs. (29) and (30), but using r instead of rc (and
with different coefficients cn). For H
Kerr
odd , we modify the
odd-in-a part of the Kerr Hamiltonian by the SO and S3
PN corrections, that is
Hˆeffodd =
1
rˆrˆ2c
(
1 + ∆ (n·a)
2
r2r2c
)[GS (X21 Lˆ · χ1 +X22 Lˆ · χ2)
+GS∗ν
(
Lˆ · χ1 + Lˆ · χ2
)
+
GS3
rˆ
Lˆ · χ1 + G˜S3
rˆ
Lˆ · χ2
]
, (34a)
with the ansa¨tze for the coefficients given in Eqs. (32a)
and (32b), but again written with r instead of rc (and
different cn). Explicit results after matching at 4PN can
be found in Appendix B 2.
C. Aligned effective-one-body Hamiltonian with
test-mass limit and centrifugal radius: SEOBrc,alignTM
In this section, we consider the aligned-spin EOB
Hamiltonian proposed by Damour and Nagar in Ref. [19]
and extended in Refs. [22, 23, 47], which we denote
SEOBrc,alignTM . That Hamiltonian is similar to the aligned-
spin limit of the SEOBrcTM Hamiltonian from above, ex-
cept that the even-in-spin PN corrections are added to
the centrifugal radius.
The even-in-spin effective Hamiltonian is given by
Hˆeffeven =
√√√√A(1 + Lˆ2
rˆ2c
+
pˆ2r
B
+Q0
)
. (35)
The EOB potentials A and B are given in Ref. [19], but
we do not use Pade´ resummation and we modify how the
zero-spin PN corrections are added such that they agree
with the other Hamiltonians in this paper, that is
A =
(
1− 2
rˆc
)
1 + 2rˆc
1 + 2rˆc
A0(rc), (36a)
B =
r2
r2c
1
AD0(rc)
, (36b)
where A0, D0 and Q0 are given by Eq. (28). Note that
Refs. [23, 46, 47] use Q ≡ 2ν(4− 3ν)p4r/r2c instead of Q0,
and use pr∗ ≡ pr
√
A/B instead of pr.
The spin-squared and spin-quartic corrections are
added to the centrifugal radius, which is here defined
by
rˆ2c = rˆ
2 + aˆ2Q
(
1 +
2
rˆ
)
+
δa2NLO
rˆ
+
δa2NNLO
rˆ2
+
δa4LO
rˆ2
, (37)
and where aˆQ depends on the compact object’s multipo-
lar constants
aˆ2Q ≡ aˆ2 + C˜1(ES2)aˆ21 + C˜2(ES2)aˆ22, (38)
9where aˆi = ai/M , aˆ = |a|/M , and recalling Eq. (24).
The spin-orbit part was obtained in Ref. [19] with
NNNLO ν-independent spinning-test-body contributions
and ν-dependent contributions calibrated to NR. We
do not include those higher-order corrections here, but
we follow Ref. [19] in using an inverse-Taylor resumma-
tion/calibration of the coefficients GS and GS∗ in
Hˆeffodd =
GS
rˆrˆ2c
(
X21 Lˆχ1 +X
2
2 Lˆχ2
)
+
GS∗
rˆ3c
ν
(
Lˆχ1 + Lˆχ2
)
+
GS3
rˆ4c
Lˆ χ1 +
G˜S3
rˆ4c
Lˆ χ2 , (39)
see Eqs. (B7a), and where GS3 and G˜S3 for aligned spins
take the simple form
GS3 =
1
rˆc
(
cnχ
2
1 + cnχ1χ2
)
,
G˜S3 =
1
rˆc
(
cnχ
2
2 + cnχ1χ2
)
. (40)
Including spin-cubic contributions was discussed in Ap-
pendix A of Ref. [47], which we implement here so that
the effective Hamiltonian includes all PN information at
the same order as the other Hamiltonians considered in
this paper. Explicit results after matching at 4PN can
be found in Appendix B 3.
IV. EFFECTIVE-ONE-BODY HAMILTONIAN
WITH TEST-SPIN LIMIT: SEOBTS
The SEOB Hamiltonian proposed in Refs. [27, 28] is
based on the Hamiltonian of a spinning test body in the
background of a Kerr black hole, which we here denote
by SEOBTS (see Table I). In this section, we extend that
Hamiltonian to 4PN order; compared to previous results,
we add NLO S2, NNLO S2 LO S3, and LO S4 PN correc-
tions, for generic compact objects and spin orientations.
The SEOBTS Hamiltonian, as expressed in Ref. [32],
is given by
Hˆeff = Hˆeffeven + Hˆ
eff
odd + Hˆ
eff
S∗ , (41a)
Hˆeffeven = α
√
q +Q0, (41b)
Hˆeffodd = βpˆφ, (41c)
HˆeffS∗ =
[
Fˆt +
(
β +
αγφφpˆφ√
q
)
Fˆφ
]
· Sˆ∗
+
α√
q
(
γrrpˆrFˆr + γ
θθpˆθFˆθ
)
· Sˆ∗
+
1
2rˆ3
[
3(Sˆ∗ · n)2 − Sˆ∗ · Sˆ∗
]
, (41d)
where
q = 1 + γφφpˆ2φ + γ
rrpˆ2r + γ
θθpˆ2θ, (42)
and Sˆ∗ ≡ S∗/Mµ is a rescaling of the spin of the test
body. The spins are mapped according to
S∗ = σ∗ [1 + νf∗(r,p)] + νg∗(r,p)σ, (43a)
σ = S1 + S2 , (43b)
σ∗ =
m2
m1
S1 +
m1
m2
S2, (43c)
where the functions f∗ and g∗ are given by Eqs. (50)-
(52) of Ref. [28], and that σ = Ma is the spin of the
background Kerr metric; it does not hold a = a1 + a2
as for the models discussed above. The spin maps are
analogous to the mapping of the masses M , µ according
to Eq. (I), with the difference that the spin maps relate
dynamical variables. The deformed metric is obtained by
substituting ∆, Σ, and Λ in the Kerr metric by
∆t = rˆ
2A(r) + σˆ2, (44a)
∆r = ∆tD
0(r), (44b)
Σˆ = rˆ2 + σˆ2 cos2 θ, (44c)
Λt = (rˆ
2 + σˆ2)2 − σˆ2∆t sin2 θ, (44d)
as in
α =
√
∆tΣˆ√
Λt
, β =
2σˆrˆ
Λt
, (45a)
γφφ =
Σˆ
Λt sin
2 θ
, γrr =
∆r
Σˆ
, γθθ =
1
Σˆ
. (45b)
The potential D0(r) is given by Eq. (28b), and the po-
tential A is given by
A = aˆ2
(
1
rˆ
− 1
rˆH,+
)(
1
rˆ
− 1
rˆH,−
)
A0(r)− aˆ
2
rˆ2
, (46)
where A0 is given by Eq. (28a), and rˆH,± are the scaled
inner and outer radii of a Kerr black hole, i.e.,
rˆH,± = 1±
√
1− aˆ2 . (47)
Finally, the vectors Fˆt, Fˆr, Fˆθ, and Fˆφ describe the
fictitious force acting on the test-body spin Sˆ∗ (frame
dragging) in the deformed Kerr metric. They are given
by Eq. (6) in Ref. [32], which we rewrite here for conve-
nience,
Fˆφ = cos θ nˆ+ vˆ, (48a)
10
Fˆt = nˆ
√
γφφ
√
γθθ√
q
[
pˆφα,θ(1 + 2
√
q)
(1 +
√
q)
− αpˆφ cot θ −
(1− 2√q)β,θ
2γφφ
]
+ vˆ
csc θ
√
γrr√
γφφ
[
γφφpˆφα,r
(1 +
√
q)
+
(2
√
q − 1)β,r + αpˆφγφφ,r
2
√
q
]
, (48b)
Fˆr = −nˆ
√
γθθ(β,θpˆr + β,rpˆθ)
2α
√
γφφ(1 +
√
q)
− vˆ csc θ
(
β,θγ
θθpˆθ + 2pˆrγ
rrβ,r
)
2α
√
γφφ
√
γrr(1 +
√
q)
− ξˆ csc θ
√
γθθ
2α
√
γrr
[
2
√
qα,θ + pˆφβ,θ
(1 +
√
q)
+
αγθθ,θ
γθθ
]
, (48c)
Fˆθ = −nˆ
√
γθθβ,θpˆθ
α
√
γφφ(1 +
√
q)
− vˆ csc θ
√
γrrpˆθβ,r
2α
√
γφφ(1 +
√
q)
+ ξˆ csc θ
[
1 +
√
γrr
2α
√
γθθ
(
2
√
qα,r + pˆφβ,r
(1 +
√
q)
+
αγθθ,r
γθθ
)]
. (48d)
Here, the unit vectors (nˆ, ξˆ, vˆ) are defined by nˆ = xr , ξˆ = eˆ
σ
Z × nˆ, and vˆ = nˆ × ξˆ, where eˆσZ = σ/σ denotes the
direction of the (deformed) Kerr spin.
For the purpose of extending the SEOBTS Hamiltonian to 4PN in the spinning sector, we deviate from the original
philosophy of Refs. [27, 28] in that we do not modify the spin maps or deform the metric entering HeffS∗ with terms of
quadratic and higher order in spin. Instead, we only slightly modify the ansatz for the effective Hamiltonian (keeping
HeffS∗ unchanged) as
Hˆeffeven =
√
α2 +ASS +AnS +AS4
√
q +BnSp pˆ
2 + (BSSnp +B
nS
np )pˆ
2
r +Q
0 +QS2 +QS4 (49a)
Hˆeffodd = βpˆφ +
GS3
rˆ4
Lˆ · χ1 + G˜S3
rˆ4
Lˆ · χ2, (49b)
where we introduced potentials into Heffeven at quadratic and higher order in spin following the structure of Eq. (19).
These potentials ASS , AnS , BnSp , B
SS
np , B
nS
np , Q
S2 and AS
4
are given by Eqs. (29) and (30) but with r instead of rc
(and different cn), and similarly for the spin-cubic corrections GS3 and G˜S3 from Eq. (32b). We take the function
QS
4
to have the form
QS
4
=
pˆ2r
rˆ4
[
cn(n · χ1)3(n · χ2) + cn(n · χ1)2(χ1 · χ2) + cn(χ1 · χ1)(n · χ1)(n · χ2) + cn(n · χ2)3(n · χ1)
+ cn(n · χ2)2(χ1 · χ2) + cn(χ2 · χ2)(n · χ1)(n · χ2) + cn(n · χ1)2(n · χ2)2 + cn(n · χ1)2(χ2 · χ2)
+ cn(χ1 · χ1)(χ2 · χ2) + cn(χ1 · χ1)(n · χ2)2
]
+ p · χ1 pˆr
rˆ4
[
cn(χ2 · χ2)(n · χ2) + cn(n · χ2)3 + cn(n · χ1)2(n · χ2) + cn(n · χ1)(χ1 · χ2) + cn(n · χ1)(n · χ2)2
+ cn(n · χ1)(χ2 · χ2)
]
+ p · χ2 pˆr
rˆ4
[
cn(χ1 · χ1)(n · χ1) + cn(n · χ1)3 + cn(n · χ2)2(n · χ1) + cn(n · χ2)(χ1 · χ2) + cn(n · χ2)(n · χ1)2
+ cn(n · χ2)(χ1 · χ1)
]
. (50)
Out of 38 possible terms in the most general expression
for QS
4
, 16 terms were removed via a gauge choice. We
started by removing the three terms that do not vanish
for aligned spins, but the other 13 terms were chosen
arbitrarily. Explicit results after matching at 4PN can
be found in Appendix B 4.
V. COMPARISON WITH NUMERICAL
RELATIVITY
In this section, we compare the four SEOB Hamiltoni-
ans considered in this paper to NR simulations through
the binding energy for circular orbits and aligned spins.
The NR binding energy data we use here were extracted
from the Simulating eXtreme Spacetimes (SXS) catalog
[107] in Ref. [108]. Hereafter, in this section, we use the
term “aligned spins” to mean spins parallel to, and in
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FIG. 1. Binding energy (left panel) and fractional binding energy (right panel) versus the “velocity” parameter v for
nonspinning binary–black-hole configurations with different mass ratios. The four SEOB Hamiltonians considered here are
identical for zero spin. The relative NR error shown in the right panel is a conservative 1.1% estimate. The initial value of v
(the left end of the plots’ domain) here is determined by the beginning of the NR simulation with q = 10; those with lower
mass ratios have several cycles at lower frequencies not shown here. We stress that the SEOB Hamiltonians at 4PN order are
not calibrated to NR simulations.
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FIG. 2. Binding energy versus the “velocity” parameter v for the linear-in-spin (left panel), quadratic-in-spin (central panel)
and cubic-in-spin (right panel) contributions of the four SEOB Hamiltonians. The NR error is indicated by the shaded regions.
In the left panel, the blue and orange curves overlap since the SEOBrcTM and SEOB
rc,align
TM Hamiltonians are identical in the
spin-orbit limit.
the same direction as, the orbital angular momentum L,
but we use the term “antialigned spins” to mean spins
opposite to the direction of L.
The binding energy is calculated by evaluating the
EOB Hamiltonian for circular orbits (pr = 0) and solv-
ing numerically p˙r = −∂HEOB/∂r = 0 for the angular
momentum pφ at some radius. The orbital frequency Ω
is obtained from
Ω =
∂HEOB
∂pφ
. (51)
We then calculate the binding energy and orbital fre-
quency as r goes from the beginning of the NR simula-
tion to the innermost-stable circular orbit (ISCO) of the
Hamiltonian, which marks the end of the inspiral phase
of the binary coalescence and the beginning of the plunge.
The ISCO is calculated by setting both the first and sec-
ond derivatives of the Hamiltonian with respect to r to
zero, i.e., ∂HEOB/∂r = 0 = ∂
2HEOB/∂r
2.
It should be noted that the binding energy is extracted
from NR simulations from an evolving binary, tracking
the radiated energy in GWs. From the EOB Hamilto-
nians, however, we obtain the binding energy here by
assuming exact circular orbits at different orbital sepa-
rations, neglecting the orbital decay (radiation-reaction)
due to the emitted GWs. The NR and EOB binding en-
ergies are thus not expected to agree exactly here during
the last few orbits (see discussions in Ref. [45]).
In Fig. 1, we plot the binding energy for nonspinning
configurations with different mass ratios q as a function
12
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FIG. 3. Fractional difference in the binding energy between NR and SEOB Hamiltonians for different spin configurations with
mass ratio q = 3 at 4 GW cycles before merger.
of the “velocity” parameter v ≡ (MΩ)1/3, and we see
that the binding energy increases with increasing mass
ratio. The top axis of the figure indicates the number
of GW cycles before merger, computed from the SXS
waveform, for the case of q = 1, which is close to the
other values of q; for example, at 2 GW cycles before
merger, v = 0.416 for q = 1 while v = 0.415 for q = 10.
Since all SEOB Hamiltonians considered here agree in
the nonspinning limit by construction, this figure gives
a rough estimate for the zero-spin contributions to the
binding energy. In all plots of this section the number
of GW cycles from merger is always computed from the
SXS waveforms, and the merger is defined as the peak of
the (2,2) gravitational mode.
The different spin contributions to the binding en-
ergy are depicted in Fig. 2. They can be extracted by
combining results for various spin combinations as (see
Refs. [108, 109])
ESO = −1
6
(−0.6, 0) + 8
3
(0.3, 0)− 2(0, 0)− 1
2
(0.6, 0),
ES2 =
3
2
(−0.6, 0)− 2(0, 0) + 3
2
(0.6, 0)− (0.6,−0.6),
ES3 = −5
6
(−0.6, 0)− 8
3
(0.3, 0) + 3(0, 0)− 1
2
(0.6, 0)
+
1
2
(0.6,−0.6) + 1
2
(0.6, 0.6), (52a)
where the numbers in brackets refer to the values of the
dimensionless spins of the two bodies (χ1, χ2). The spin-
squared contributions to the binding energy ES2 refer to
both S2i and S1S2 interactions. Similarly, spin-cubic con-
tributions ES3 refer to both S
3
i and S
2
i Sj . We see that the
spin-orbit contribution is about an order of magnitude
larger than the spin-squared contribution, which in turn
is an order of magnitude larger than the spin-cubic contri-
bution. All SEOB Hamiltonians give comparable results
for the spin-orbit part, however for the spin-squared con-
tribution, the SEOBTS and SEOBTM Hamiltonians give
better agreement with NR than the other two Hamilto-
nians. For the cubic-in-spin contributions, the NR error
is larger than the EOB values for the binding energy, and
hence we cannot conclude which Hamiltonian is better in
terms of S3 contributions.
In Fig. 3, we compare the fractional energy difference
|Eb−ENRb |/ENRb at four GW cycles (i.e., two orbits) be-
fore merger for various spin configurations with mass ra-
tio q = 3. We see that, for all configurations at that
frequency, the relative difference with NR is around 1%.
For aligned spins, all Hamiltonians give comparable re-
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FIG. 4. Binding energy comparison with NR for different aligned-spin configurations for the four SEOB Hamiltonians. Curves
that end with a point indicate the location of the ISCO. For the NR error, we used 1.1% relative error as a very conservative
estimate.
0.26 0.28 0.30 0.32 0.34 0.36
0.00
0.02
0.04
0.06
0.08
23451020
0.24 0.26 0.28 0.30 0.32 0.34 0.36 0.38
2345102040
0.25 0.30 0.35 0.40
2345102040
FIG. 5. As in Fig. 4 but for configurations with antialigned spins.
sults, but the SEOBTS Hamiltonian gives better agree-
ment with NR for antialigned spins.
We also compare the binding energy as a function of ve-
locity for some configurations with aligned spins (Fig. 4)
and antialigned spins (Fig. 5). The curves in these fig-
ures start at the beginning of the available NR simula-
tions and end at the ISCO of the EOB Hamiltonians. All
effective Hamiltonians considered here have an ISCO for
arbitrary spins, except that the SEOBTS Hamiltonian
does not have an ISCO for large aligned spins & 0.92.
From the three panels at the top of Fig. 4, we see that
for large aligned spins (& 0.8), the SEOBTS Hamiltonian
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FIG. 6. Comparing the effect of adding spin contributions to the binding energy at different PN orders for the four SEOB
Hamiltonians.
shows slightly better agreement with NR than the other
Hamiltonians. However, for smaller spins (. 0.6), all
Hamiltonians give very similar results. This is also the
case when the two spins are both large but in opposite
directions. For antialigned spins, the difference between
the four Hamiltonians is smaller than in the aligned-spin
case; the SEOBTS Hamiltonian gives better agreement
with NR than the other Hamiltonians, but the difference
is small, even for spin magnitudes of 0.97, and becomes
negligible for smaller spins.
Finally, in Fig. 6, we compare the effect of adding spin
PN orders to the effective Hamiltonian for a configura-
tion with mass ratio q = 3 and spins χ1 = χ2 = 0.85.
For all Hamiltonians, adding higher spin orders improves
agreement with NR, except for the SEOBTS Hamilto-
nian where adding LO S3 and LO S4 gives slightly worse
agreement. We checked that using different spin config-
urations gives qualitatively similar behavior.
Overall, beside the small differences pointed out above,
all Hamiltonians perform reasonably well compared to
NR simulations. One should expect that the differences
that accumulate during the last orbits can be compen-
sated by a calibration of the Hamiltonians, applying also
further resummations to the potentials, which we leave
for future work. This would be of particular interest for
the simplified Hamiltonian, in order to prepare and eval-
uate it as a possible starting point for an EOB waveform
model.
VI. CONCLUSIONS
In this paper, we built spinning EOB Hamiltonians
that include the complete fourth post-Newtonian con-
servative dynamics for generic (precessing) spins. These
Hamiltonians are also valid for generic compact objects
(e.g., black holes or neutron stars) since we included mul-
tipole constants that parametrize the deformation of the
compact object due to its rotation.
In particular, we considered and extended four SEOB
Hamiltonians: (i) an extension of the SEOB Hamiltonian
from Ref. [17] by adding NNLO S2 and LO S3 contribu-
tions, in addition to adding the multipole constants; (ii)
a simplified version of that Hamiltonian that differs in
how the spin corrections are added to the Kerr metric,
and that does not use the concept of centrifugal radius;
(iii) the aligned-spin Hamiltonian from Refs. [19, 23, 47],
which already includes complete 4PN information for
generic compact objects, but considered here for com-
parison with the other Hamiltonians; (iv) an extension
of the SEOB Hamiltonian from Refs. [27, 28], which uses
a test spin, by adding NLO S2, NNLO S2, LO S3, and
LO S4 contributions, in addition to adding the multipole
constants. Since our goal in this paper was to improve
the description of spin effects in the EOB formalism, we
modified the zero-spin part of the above Hamiltonians
such that they are identical in that limit. Furthermore,
we did not include NR calibration parameters or resum-
mations of the PN corrections (e.g., with Pade´ or log re-
summations of the zero-spin part) since they constitute
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an implicit calibration to NR that improves the perfor-
mance of EOB Hamiltonians only in certain models.
We compared the four SEOB Hamiltonians considered
here with NR simulations by calculating the binding en-
ergy for circular orbits and aligned spins. We found that
all Hamiltonians show good agreement with NR, and that
the difference between the Hamiltonians is quite small up
to moderate values of the spins and a handful number of
GW cycles before merger. For large spins, the SEOBTS
Hamiltonian performs better at large frequencies, but
since all Hamiltonians have an error of about 1% com-
pared to NR at about four GW cycles before merger, the
simplest SEOB Hamiltonian SEOBTM could be an excel-
lent candidate for building an improved EOB waveform
model with precessing spins. The simplicity will allow
one to have a fast-to-evolve set of equations of motion,
and could help in calibrating the EOB waveforms built
with SEOBTM to NR simulations. However, more analy-
ses, which include dissipative effects, and a careful study
of how the GW frequency approaches merger, are needed
to pin down the more suitable SEOB Hamiltonian. In-
deed, as several studies have shown [33–38], to attach
robustly the merger-ringdown waveform to the inspiral-
plunge one in the EOB formalism, dynamical quantities,
such as the orbital frequency, radial separation and mo-
mentum vectors, have to behave regularly around and
beyond the EOB photon orbit.
We leave for future work to complete the SEOB Hamil-
tonians to a gravitational waveform model, i.e., pro-
vide resummed expressions for GW modes and associated
radiation-reaction forces. Once radiation-reaction forces
are included in the model, it is important to perform com-
parisons with NR for precessing spins and to use those
comparisons to study different resummation options and
to add calibration parameters in order to improve the
accuracy of EOB waveforms toward merger.
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Appendix A: Completing the spinning
effective-one-body Hamiltonian in Ref. [17] at NLO
S2
We found that Ref. [17] missed a contribution in the
matching between the EOB Hamiltonian and PN results,
namely from the LO spin-squared canonical transforma-
tion, generated by GLOSS , applied to the LO spin-orbit
Hamiltonian HLOSO . This contribution can be obtained
using the Poisson bracket as {GLOSS , HLOSO }. This leads to
SS contributions via the Poisson bracket of the spin vec-
tor {Si, Sj} = ijkSk, which turns out to start at NLO in
the SS sector. Taking these additional contributions into
account, we find that the coefficients in the EOB poten-
tials aχij , a
nχ
ij , b
p,χ
ij , b
p,nχ
ij , b
np,χ
ij , b
np,nχ
ij , defined in Ref. [17]
should read, assuming the gauge conditions bp,χij = 0,
anχ11 = 7νX1 +
5
4
ν2, (A1a)
anχ22 = 7νX2 +
5
4
ν2, (A1b)
anχ12 = a
nχ
21 =
27
8
ν − 9
4
ν2, (A1c)
bp,nχ11 = 4νX1 −
5
2
ν2, (A1d)
bp,nχ22 = 4νX2 −
5
2
ν2, (A1e)
bp,nχ12 = b
p,nχ
21 =
9
8
ν + ν2 (A1f)
bnp,χ11 = 9νX1 −
15
4
ν2, (A1g)
bnp,χ22 = 9νX2 −
15
4
ν2, (A1h)
bnp,χ12 = b
np,χ
21 = 3ν +
9
4
ν2, (A1i)
bnp,nχ11 = 15νX1 −
15
4
ν2, (A1j)
bnp,nχ22 = 15νX2 −
15
4
ν2, (A1k)
bnp,nχ12 = b
np,nχ
21 =
45
8
ν +
15
4
ν2, (A1l)
modifying Eqs. (2.52a)–(2.53c) and (2.62) in Ref. [17].
The coefficients aχij from Eq. (2.61) in Ref. [17] remain
unchanged. Also the coefficients bnp,χij are unchanged, but
their defining Eq. (2.62) in Ref. [17] is no longer valid, so
we listed them here explicitly for clarity. This solution
has the three additional terms with coefficients bnp,nχ11 ,
bnp,nχ22 , and b
np,nχ
12 , which vanish in Ref. [17]. The six
symmetries between the coefficients in Ref. [17] are also
absent in our solution (assuming the gauge conditions
bp,χij = 0).
Appendix B: Hamiltonian coefficients after matching
to PN results
In this Appendix, we present the results of matching
the SEOB Hamiltonians using the procedure described
in Sec. II B. Here, we express the multipole constants as
C˜ i(ES2) ≡ C i(ES2) − 1, C˜ i(BS2) ≡ C i(BS2) − 1, etc.
(B1)
such that the black hole results are easily obtained by
setting C˜... = 0.
The expressions for the Hamiltonians and the poten-
tials given in this Appendix are provided as Supplemental
Material [110] in the form of Mathematica files.
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1. Coefficients of the SEOBrcTM Hamiltonian
The spin-orbit and spin-cubed PN corrections in Eq. (31a) are given by
GS = 2
[
1 +
1
rˆc
5ν
16
+
27ν
16
pˆ2r +
1
rˆ2c
(
41ν2
256
+
51ν
8
)
+
pˆ2r
rˆc
(
21ν
4
− 49ν
2
128
)
+
(
169ν2
256
− 5ν
16
)
pˆ4r
]−1
, (B2a)
GS∗ =
3
2
[
1 +
1
rˆc
(
ν
2
+
3
4
)
+
(
3ν
2
+
5
4
)
pˆ2r +
pˆ2r
rˆc
(
−7ν
2
8
+ 5ν − 1
)
+
1
rˆ2c
(
3ν2
8
+
29ν
4
+
27
16
)
+
(
3ν2
8
+
25ν
12
+
5
48
)
pˆ4r
]−1
, (B2b)
GS3 =
1
rˆc
{
(n · χ1)2
[
(5ν + (5ν − 5)X1) C˜ 1(BS3) +
(
9νX1
4
− 9ν
2
4
)
C˜ 1(ES2) −
5ν2
2
+ 2ν +
(
9ν
2
− 2
)
X1
]
+ χ21
[
((1− ν)X1 − ν) C˜ 1(BS3) +
(
3ν2
4
− 3νX1
4
)
C˜ 1(ES2) −
ν2
4
+
νX1
4
]
+ n · χ1 n · χ2
[(
−6ν2 − 15νX1
2
)
C˜ 1(ES2) −
5ν2
3
− 2νX1
3
]
+ χ1 · χ2
[(
3ν2
2
+
3νX1
2
)
C˜ 1(ES2) +
4ν2
3
− 5νX1
12
]
+ χ22
[(
3νX2
4
− 3ν
2
4
)
C˜ 2(ES2) −
13ν2
12
+
2νX2
3
]
+ (n · χ2)2
[(
3ν2
4
− 15νX2
4
)
C˜ 2(ES2) +
25ν2
6
− 17νX2
6
]}
+
Lˆ2
rˆ2
[
(n · χ1)2
(
ν2
2
− νX1
2
)
+ n · χ1 n · χ2
(
ν2 − νX1
)
+ (n · χ2)2
(
νX2
2
− 3ν
2
2
)]
+ pˆ2r
[
(n · χ1)2
(
5νX1
2
− 5ν
2
2
)
+ n · χ1 n · χ2
(
3νX1 − ν2
)
+ (n · χ2)2
(
7ν2
2
− νX2
2
)]
, (B2c)
G˜S3 = GS3 with 1↔ 2. (B2d)
The spin-squared corrections in Eq. (29) are given by
ASS =
1
rˆ3c
χ21 (ν −X1) C˜ 1(ES2)
+
1
rˆ4c
{
χ21
[
(6ν + (2ν − 6)X1) C˜ 1(ES2) −
ν2
2
+ 3νX1
]
+
1
2
χ1 · χ2
(
2ν − ν2)}
+
1
rˆ5c
{
χ21
[(
−207ν
2
28
+
275ν
14
+
(
533ν
28
− 275
14
)
X1
)
C˜ 1(ES2) +
3ν3
8
− 157ν
2
8
+
(
123ν
4
− 45ν
2
8
)
X1
]
+
1
2
χ1 · χ2
(
3ν3
4
+
145ν2
8
+
25ν
2
)}
+ 1↔ 2, (B3a)
AnS =
1
rˆ3c
(n · χ1)2 (3X1 − 3ν) C˜ 1(ES2)
+
1
rˆ4c
{
(n · χ1)2
[(−3ν2 − 9ν + (9− 3ν)X1) C˜ 1(ES2) − 5ν24 − 7νX1
]
+
1
2
(n · χ2)(n · χ1)
(
9ν2
2
− 27ν
4
)}
+
1
rˆ5c
{
(n · χ1)2
[(
−7ν
3
8
− 641ν
2
56
− 150ν
7
+
(
−47ν
2
8
+
22ν
7
+
150
7
)
X1
)
C˜ 1(ES2) +
11ν3
4
− 71ν
2
12
+
(
−63ν
2
4
− 79ν
3
)
X1
]
+
1
2
(n · χ2)(n · χ1)
(
3ν3
2
− 265ν
2
6
− 387ν
16
)}
+ 1↔ 2, (B3b)
BnSp =
1
rˆ3c
{
(n · χ1)2
[(−3ν2 + 3ν + (3ν − 3)X1) C˜ 1(ES2) − 5ν22 + 4νX1
]
+
1
2
n · χ1 n · χ2
(
2ν2 +
9ν
4
)}
+
1
rˆ4c
{
(n · χ1)2
[(
−7ν
3
8
− 221ν
2
8
+
15ν
2
+
(
−47ν
2
8
+
169ν
4
− 15
2
)
X1
)
C˜ 1(ES2) −
889ν2
24
+
27ν3
8
+
(
323ν
12
− 217ν
2
8
)
X1
]
+
1
2
n · χ1 n · χ2
(
11ν3
4
− 427ν
2
24
+
57ν
16
)}
+ 1↔ 2, (B3c)
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BnSnp =
1
rˆ3c
{
(n · χ1)2
(
15ν2
4
− 15νX1
)
+
1
2
n · χ1 n · χ2
(
−15ν
2
2
− 45ν
4
)}
+
1
rˆ4c
{
(n · χ1)2
[(
−7ν
3
2
− ν
2
4
+
9ν
2
+
(
25ν2
2
+
121ν
4
− 9
2
)
X1
)
C˜ 1(ES2) +
17ν3
8
+
185ν2
24
+
(
−23ν
2
8
− 619ν
12
)
X1
]
+
1
2
n · χ1 n · χ2
(
−47ν
3
4
− 4411ν
2
24
− 39ν
2
)}
+ 1↔ 2, (B3d)
BSSnp =
1
rˆ3c
{
χ21
[(−3ν2 + 3ν + (3ν − 3)X1) C˜ 1(ES2) − 15ν24 + 9νX1
]
+
1
2
(
9ν2
2
+ 6ν
)
χ1 · χ2
}
+
1
rˆ4c
{
χ21
[(
−159ν
2
4
+
23ν
2
+
(
−12ν2 + 197ν
4
− 23
2
)
X1
)
C˜ 1(ES2) + 5ν
3 − 61ν2 +
(
275ν
4
− 37ν2
)
X1
]
+
1
2
(
10ν3 + 38ν2 + 20ν
)
χ1 · χ2
}
+ 1↔ 2, (B3e)
QS
2
=
pˆ3r
rˆ3c
{
n · χ1 pˆ · χ1
[(
20ν3 − 35ν2 + (35ν − 20ν2)X1) C˜ 1(ES2) + 199ν38 − 1085ν224 +
(
130ν
3
− 517ν
2
8
)
X1
]
+ n · χ1 pˆ · χ2
(
−79ν
3
8
+
79ν2
12
+
45ν
16
)}
+
pˆ4r
rˆ3c
{
χ21
[(
5ν3 − 35ν
2
4
+
(
35ν
4
− 5ν2
)
X1
)
C˜ 1(ES2) +
55ν3
8
− 105ν
2
8
+
(
55ν
4
− 145ν
2
8
)
X1
]
+ (n · χ1)2
[(
245ν2
4
− 35ν3 +
(
35ν2 − 245ν
4
)
X1
)
C˜ 1(ES2) −
91ν3
2
+
1015ν2
12
+
(
119ν2 − 1015ν
12
)
X1
]
+
1
2
χ1 · χ2
(
−25ν
3
4
+
45ν2
8
+
5ν
2
)
+
1
2
n · χ1 n · χ2
(
77ν3
2
− 721ν
2
24
− 105ν
8
)}
+ 1↔ 2. (B3f)
The spin-quartic corrections in Eq. (30) are given by
AS
4
=
1
rˆ5c
{
(n · χ1)4
[(
21ν2
2
− 21ν
2
+
(
21
2
− 21ν
)
X1
)
C˜ 1(ES2) +
(
−35ν
2
4
+
35ν
4
+
(
35ν
2
− 35
4
)
X1
)
C˜ 1(ES4)
]
+ n · χ2 (n · χ1) 3
[(
35ν2 − 35νX1
)
C˜ 1(BS3) +
(
21νX1 − 21ν2
)
C˜ 1(ES2)
]
+ χ1 · χ2 (n · χ1)2
[(
15νX1 − 15ν2
)
C˜ 1(BS3) +
(
3ν2 − 3νX1
)
C˜ 1(ES2)
]
+ χ21 (n · χ1)2
[(
−9ν
2
2
+
9ν
2
+
(
9ν − 9
2
)
X1
)
C˜ 1(ES2) +
(
15ν2
2
− 15ν
2
+
(
15
2
− 15ν
)
X1
)
C˜ 1(ES4)
]
+ χ22 (n · χ1)2
[
6C˜ 2(ES2)ν
2 + C˜ 1(ES2)
(
15
2
C˜ 2(ES2)ν
2 +
15ν2
2
)]
+
1
2
(n · χ2)2 (n · χ1)2
[
C˜ 1(ES2)
(
−1
2
105C˜ 2(ES2)ν
2 − 42ν2
)
− 42ν2C˜ 2(ES2)
]
+ χ21 n · χ2 n · χ1
[(
15νX1 − 15ν2
)
C˜ 1(BS3) +
(
6ν2 − 6νX1
)
C˜ 1(ES2)
]
+
1
2
n · χ2 χ1 · χ2 n · χ1
[
27C˜ 2(ES2)ν
2 + C˜ 1(ES2)
(
30C˜ 2(ES2)ν
2 + 27ν2
)]
+ χ1 · χ2 χ21
(
3ν2 − 3νX1
)
C˜ 1(BS3) + χ
4
1
[
−3ν
2
4
+
3ν
4
+
(
3ν
2
− 3
4
)
X1
]
C˜ 1(ES4)
+
1
2
χ21χ
2
2
[
C˜ 1(ES2)
(
−1
2
3C˜ 2(ES2)ν
2 − 3ν
2
2
)
− 3
2
ν2C˜ 2(ES2)
]
+
1
2
(χ1 · χ2)2
[
C˜ 1(ES2)
(
−3C˜ 2(ES2)ν2 − 3ν2
)
− 3ν2C˜ 2(ES2)
]}
+ 1↔ 2. (B4)
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2. Coefficients of the SEOBTM Hamiltonian
The spin-orbit and spin-cubed PN corrections in Eq. (34a) are given by
GS = 2
[
1− 27
16
νpˆ2r −
5ν
16rˆ
+
(
35ν2
16
+
5ν
16
)
pˆ4r +
pˆ2r
rˆ
(
23ν2
16
− 21ν
4
)
+
1
rˆ2
(
−ν
2
16
− 51ν
8
)]
, (B5a)
GS∗ =
3
2
[
1−
(
3ν
2
+
5
4
)
pˆ2r −
1
rˆ
(
3
4
+
ν
2
)
+
(
15ν2
8
+
5ν
3
+
35
24
)
pˆ4r +
pˆ2r
rˆ
(
19ν2
8
− 3ν
2
+
23
8
)
+
1
rˆ2
(
−ν
2
8
− 13ν
2
− 9
8
)]
, (B5b)
GS3 =
1
rˆ
{
(n · χ1)2
[
(5ν + (5ν − 5)X1) C˜ 1(BS3) +
(
9νX1
4
− 9ν
2
4
)
C˜ 1(ES2) − 2ν2 + 2νX1
]
+ χ21
[
((1− ν)X1 − ν) C˜ 1(BS3) +
(
3ν2
4
− 3νX1
4
)
C˜ 1(ES2) +
ν2
2
− νX1
2
]
+ χ1 · χ2
[(
3ν2
2
+
3νX1
2
)
C˜ 1(ES2) −
ν2
6
− 5νX1
12
]
+ χ22
[(
3νX2
4
− 3ν
2
4
)
C˜ 2(ES2) −
ν2
3
− νX2
12
]
+ n · χ1 n · χ2
[(
−6ν2 − 15νX1
2
)
C˜ 1(ES2) −
8ν2
3
+
10νX1
3
]
+ (n · χ2)2
[(
3ν2
4
− 15νX2
4
)
C˜ 2(ES2) +
14ν2
3
− 4νX2
3
]}
+
Lˆ2
r2
[
(n · χ1)2
(
ν2
2
− νX1
2
)
+ n · χ1 n · χ2
(
ν2 − νX1
)
+ (n · χ2)2
(
νX2
2
− 3ν
2
2
)]
+ pˆ2r
[
(n · χ1)2
(
5νX1
2
− 5ν
2
2
)
+ n · χ1 n · χ2
(
3νX1 − ν2
)
+ (n · χ2)2
(
7ν2
2
− νX2
2
)]
, (B5c)
G˜S3 = GS3 with 1↔ 2. (B5d)
The spin-squared and spin-quartic corrections in Eq. (33) read
ASS =
1
rˆ3
χ21 (ν −X1) C˜ 1(ES2)
+
1
rˆ4
{
χ21
[
(4ν + (2ν − 4)X1) C˜ 1(ES2) −
ν2
2
+ 3νX1
]
+
1
2
χ1 · χ2
(
2ν − ν2)}
+
1
rˆ5
{
χ21
[(
−207ν
2
28
+
163ν
14
+
(
421ν
28
− 163
14
)
X1
)
C˜ 1(ES2) +
3ν3
8
− 125ν
2
8
+
(
87ν
4
− 45ν
2
8
)
X1
]
+
1
2
χ1 · χ2
(
3ν3
4
+
113ν2
8
+
17ν
2
)}
+ 1↔ 2, (B6a)
AnS =
1
rˆ3
(n · χ1)2 (3X1 − 3ν) C˜ 1(ES2)
+
1
rˆ4
{
(n · χ1)2
[(−3ν2 − 9ν + (9− 3ν)X1) C˜ 1(ES2) − 5ν24 − 7νX1
]
+
1
2
n · χ1 n · χ2
(
9ν2
2
− 27ν
4
)}
+
1
rˆ5
{
(n · χ1)2
[(
−7ν
3
8
− 641ν
2
56
− 150ν
7
+
(
−47ν
2
8
+
22ν
7
+
150
7
)
X1
)
C˜ 1(ES2) +
11ν3
4
− 71ν
2
12
+
(
−63ν
2
4
− 79ν
3
)
X1
]
+
1
2
n · χ1 n · χ2
(
3ν3
2
− 265ν
2
6
− 387ν
16
)}
+ 1↔ 2, (B6b)
BnSp =
1
rˆ3
{
(n · χ1)2
[(
3ν2 − 3ν + (3− 3ν)X1
)
C˜ 1(ES2) +
5ν2
2
− 4νX1
]
+
1
2
n · χ1 n · χ2
(
−2ν2 − 9ν
4
)}
+
1
rˆ4
{
(n · χ1)2
[(
7ν3
8
+
221ν2
8
− 15ν
2
+
(
47ν2
8
− 169ν
4
+
15
2
)
X1
)
C˜ 1(ES2) −
27ν3
8
+
889ν2
24
+
(
217ν2
8
− 323ν
12
)
X1
]
+
1
2
n · χ1 n · χ2
(
−11ν
3
4
+
427ν2
24
− 57ν
16
)}
+ 1↔ 2, (B6c)
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BnSnp =
1
rˆ3
{
(n · χ1)2
(
15ν2
4
− 15νX1
)
+
1
2
n · χ1 n · χ2
(
−15ν
2
2
− 45ν
4
)}
+
1
rˆ4
{
(n · χ1)2
[(
−7ν
3
2
− ν
2
4
+
9ν
2
+
(
25ν2
2
+
121ν
4
− 9
2
)
X1
)
C˜ 1(ES2) +
17ν3
8
+
365ν2
24
+
(
−23ν
2
8
− 979ν
12
)
X1
]
+
1
2
(
−47ν
3
4
− 4771ν
2
24
− 42ν
)
n · χ1 n · χ2
}
+ 1↔ 2, (B6d)
BSSnp =
1
rˆ3
{
χ21
[(−3ν2 + 3ν + (3ν − 3)X1) C˜ 1(ES2) − 15ν24 + 9νX1
]
+
1
2
χ1 · χ2
(
9ν2
2
+ 6ν
)}
+
1
rˆ4
{
χ21
[(
−159ν
2
4
+
23ν
2
+
(
−12ν2 + 197ν
4
− 23
2
)
X1
)
C˜ 1(ES2) + 5ν
3 − 55ν2 +
(
251ν
4
− 37ν2
)
X1
]
+
1
2
χ1 · χ2
(
10ν3 + 26ν2 + 20ν
)}
+ 1↔ 2, (B6e)
QS
2
=
pˆ3r
rˆ3
{
n · χ1 pˆ · χ1
[(
20ν3 − 35ν2 + (35ν − 20ν2)X1) C˜ 1(ES2) + 199ν38 − 1085ν224 +
(
130ν
3
− 517ν
2
8
)
X1
]
+ n · χ1 pˆ · χ2
(
−79ν
3
8
+
79ν2
12
+
45ν
16
)}
+
pˆ4r
rˆ3
{
χ21
[(
5ν3 − 35ν
2
4
+
(
35ν
4
− 5ν2
)
X1
)
C˜ 1(ES2) +
55ν3
8
− 105ν
2
8
+
(
55ν
4
− 145ν
2
8
)
X1
]
+ (n · χ1)2
[(
245ν2
4
− 35ν3 +
(
35ν2 − 245ν
4
)
X1
)
C˜ 1(ES2) −
91ν3
2
+
1015ν2
12
+
(
119ν2 − 1015ν
12
)
X1
]
+
1
2
χ1 · χ2
(
−25ν
3
4
+
45ν2
8
+
5ν
2
)
+
1
2
n · χ1 n · χ2
(
77ν3
2
− 721ν
2
24
− 105ν
8
)}
+ 1↔ 2, (B6f)
AS
4
=
1
rˆ5
{
(n · χ1)4
[(
15ν2
2
− 15ν
2
+
(
15
2
− 15ν
)
X1
)
C˜ 1(ES2) +
(
35ν
4
− 35ν
2
4
+
(
35ν
2
− 35
4
)
X1
)
C˜ 1(ES4)
]
+ n · χ2 (n · χ1) 3
[(
35ν2 − 35νX1
)
C˜ 1(BS3) +
(
15νX1 − 15ν2
)
C˜ 1(ES2)
]
+ χ1 · χ2 (n · χ1)2
[(
15νX1 − 15ν2
)
C˜ 1(BS3) +
(
12ν2 − 12νX1
)
C˜ 1(ES2)
]
+ χ21 (n · χ1)2
[(−9ν2 + 9ν + (18ν − 9)X1) C˜ 1(ES2) + (15ν22 − 15ν2 +
(
15
2
− 15ν
)
X1
)
C˜ 1(ES4)
]
+ χ22 (n · χ1)2
[
6C˜ 2(ES2)ν
2 + C˜ 1(ES2)
(
15
2
C˜ 2(ES2)ν
2 + 3ν2
)]
+
1
2
(n · χ2)2 (n · χ1)2
[
C˜ 1(ES2)
(
−1
2
105C˜ 2(ES2)ν
2 − 45ν2
)
− 45ν2C˜ 2(ES2)
]
+ n · χ2 χ21n · χ1
[(
15νX1 − 15ν2
)
C˜ 1(BS3) +
(
6ν2 − 6νX1
)
C˜ 1(ES2)
]
+
1
2
n · χ2 χ1 · χ2 n · χ1
[
27C˜ 2(ES2)ν
2 + C˜ 1(ES2)
(
30C˜ 2(ES2)ν
2 + 27ν2
)]
+ χ1 · χ2 χ21
[(
3ν2 − 3νX1
)
C˜ 1(BS3) +
(
3νX1 − 3ν2
)
C˜ 1(ES2)
]
− 3
4
ν2χ21χ
2
2C˜ 1(ES2)C˜ 2(ES2)
+ χ41
[(
3ν2
2
− 3ν
2
+
(
3
2
− 3ν
)
X1
)
C˜ 1(ES2) +
(
−3ν
2
4
+
3ν
4
+
(
3ν
2
− 3
4
)
X1
)
C˜ 1(ES4)
]
+
1
2
(χ1 · χ2)2
[
C˜ 1(ES2)
(
−3C˜ 2(ES2)ν2 − 3ν2
)
− 3ν2C˜ 2(ES2)
]}
+ 1↔ 2. (B6g)
3. Coefficients of the SEOBrc,alignTM Hamiltonian
The coefficients of the SEOBrc,alignTM Hamiltonian are given in Ref. [47], but we rewrite them here for convenience in
the notation used in the rest of the paper.
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The spin-orbit and spin-cubic correction in Eq. (39) are given by
GS = 2
[
1 +
27
16
νpˆ2r∗ +
5ν
16rˆc
+
(
169ν2
256
− 5ν
16
)
pˆ4r∗ +
pˆ2r∗
rˆc
(
12ν − 49ν
2
128
)
+
1
rˆ2c
(
41ν2
256
+
51ν
8
)]−1
,
GS∗ =
3
2
[
1 +
1
rˆc
(
ν
2
+
3
4
)
+
(
3ν
2
+
5
4
)
pˆ2r∗ +
(
3ν2
8
+
25ν
12
+
5
48
)
pˆ4r∗ +
pˆ2r∗
rˆc
(
−7ν
2
8
+ 11ν + 4
)
+
1
rˆ2c
(
3ν2
8
+
29ν
4
+
27
16
)]−1
, (B7a)
GS3 =
1
rˆc
{
χ21
[
(1− 2ν + (ν − 1)X1) C˜ 1(BS3) +
(
ν2
4
+
5ν
4
+
(
3
4
− ν
2
)
X1 − 3
4
)
C˜ 1(ES2) +
ν2
4
− 3ν
4
+
1
4
+
(
ν
2
− 1
4
)
X1
]
+ χ1χ2
[(
ν2
4
+ 2ν − 2νX1
)
C˜ 1(ES2) −
ν2
4
+
ν
2
− νX1
2
]}
,
G˜S3 = GS3 with 1↔ 2. (B7b)
The spin-squared and spin-quartic corrections in Eq. (37) are given by
δa2NLO = χ
2
1
[
((4− 2ν)X1 − 4ν) C˜ 1(ES2) +
ν2
2
− 3νX1
]
+
1
2
χ1χ2
(
ν2 − 2ν)+ 1↔ 2, (B8a)
δa2NNLO = χ
2
1
[(
207ν2
28
− 275ν
14
+
(
275
14
− 533ν
28
)
X1
)
C˜ 1(ES2) −
3ν3
8
+
157ν2
8
+
(
45ν2
8
− 123ν
4
)
X1
]
+
1
2
χ1χ2
(
−3ν
3
4
− 145ν
2
8
− 25ν
2
)
+ 1↔ 2, (B8b)
δa4LO = χ
3
1χ2
[(
3νX1 − 3ν2
)
C˜ 1(BS3) +
(
3ν2 − 3νX1
)
C˜ 1(ES2)
]
+
1
2
χ21χ
2
2
[
C˜ 1(ES2)
(
3ν2C˜ 2(ES2) + 3ν
2
)
+ 3ν2C˜ 2(ES2)
]
+ χ41
[(
−3ν
2
4
+
9ν
4
+
(
3
4
− 3ν
2
)
X2 − 3
4
)
C˜21(ES2) +
(
−3ν
2
2
+
9ν
2
+
(
3
2
− 3ν
)
X2 − 3
2
)
C˜ 1(ES2)
+
(
3ν2
4
− 9ν
4
+
(
3ν
2
− 3
4
)
X2 +
3
4
)
C˜ 1(ES4)
]
+ 1↔ 2. (B8c)
4. Coefficients of the SEOBTS Hamiltonian
The spin-squared corrections in Eq. (49) are given by
ASS =
1
rˆ3
χ21 (ν −X1) C˜ 1(ES2)
+
1
rˆ4
{
χ21
[
(2ν + (2ν − 2)X1) C˜ 1(ES2) +
17ν2
6
+
(
23ν2
6
+
ν
6
)
X1
]
+
37
12
ν2χ1 · χ2
}
+
1
rˆ5
{
χ21
[(
−207ν
2
28
+
51ν
14
+
(
309ν
28
− 51
14
)
X1
)
C˜ 1(ES2) +
529ν4
144
− 2353ν
3
144
+
55ν2
4
+
(
143ν3
72
+
7015ν2
144
− 155ν
8
)
X1
]
+
1
2
χ1 · χ2
(
529ν4
72
− 112ν
3
3
+
51ν2
8
)}
+ 1↔ 2, (B9a)
AnS =
1
rˆ3
(3X1 − 3ν) C˜ 1(ES2) (n · χ1)2
+
1
rˆ4
{
(n · χ1)2
[(−3ν2 − 3ν + (3− 3ν)X1) C˜ 1(ES2) − 5ν34 + 3ν22 +
(
−15ν
2
4
− 6ν
)
X1
]
+
1
2
n · χ1 n · χ2
(
−5ν
3
2
− 67ν
2
4
)}
+
1
rˆ5
{
(n · χ1)2
[(
ν3
4
− 205ν
2
28
− 24ν
7
+
(
−37ν
2
4
+
64ν
7
+
24
7
)
X1
)
C˜ 1(ES2) −
109ν4
12
+
113ν3
4
− 515ν
2
12
21
+
(
−13ν
3
2
− 374ν
2
3
+
149ν
3
)
X1
]
+
1
2
n · χ1 n · χ2
(
−109ν
4
6
+
133ν3
12
− 1301ν
2
48
)}
+ 1↔ 2,
(B9b)
BnSp =
1
rˆ3
{
(n · χ1)2
[(
3ν2 − 3ν + (3− 3ν)X1
)
C˜ 1(ES2) +
5ν3
4
− 29ν
2
4
+
(
13ν
2
− 31ν
2
4
)
X1
]
+
1
2
n · χ1 n · χ2
(
5ν3
2
+
15ν2
4
)}
+
1
rˆ4
{
(n · χ1)2
[(
−ν
3
4
+
59ν2
2
− 15ν
2
+
(
37ν2
4
− 169ν
4
+
15
2
)
X1
)
C˜ 1(ES2) −
31ν4
16
− 413ν
3
48
− 101ν
2
24
+
(
13ν3
24
+
763ν2
48
+
155ν
24
)
X1
]
+
1
2
n · χ1 n · χ2
(
−31ν
4
8
+
217ν3
6
+
1493ν2
48
)}
+ 1↔ 2, (B9c)
BnSnp =
1
rˆ3
{
(n · χ1)2
(
−15ν
3
4
+ 15ν2 +
(
75ν2
4
− 15ν
)
X1
)
+
1
2
n · χ1 n · χ2
(
−15ν
3
2
− 45ν
2
4
)}
+
1
rˆ4
{
(n · χ1)2
[(
ν3 − 31ν
2
4
+
9ν
2
+
(
−ν2 + 121ν
4
− 9
2
)
X1
)
C˜ 1(ES2) −
63ν4
16
+
2615ν3
48
− 899ν
2
24
+
(
509ν3
24
− 1331ν
2
16
+
1223ν
24
)
X1
]
+
1
2
n · χ1 n · χ2
(
−63ν
4
8
− 455ν
3
12
+
63ν2
4
)}
+ 1↔ 2, (B9d)
BSSnp =
1
rˆ3
χ21
[(−3ν2 + 3ν + (3ν − 3)X1) C˜ 1(ES2) + 9ν24 +
(
3ν2
2
− 3ν
2
)
X1
]
+
1
rˆ4
{
χ21
[(
−135ν
2
4
+
11ν
2
+
(
−12ν2 + 173ν
4
− 11
2
)
X1
)
C˜ 1(ES2) +
187ν4
48
− 409ν
3
48
+
781ν2
72
+
(
−187ν
3
24
+
605ν2
144
− 1807ν
72
)
X1
]
+
1
2
χ1 · χ2
(
187ν4
24
− 181ν
3
4
− 1213ν
2
18
)}
+ 1↔ 2, (B9e)
QS
2
=
pˆ3r
rˆ3
{
n · χ1pˆ · χ1
[ (
20ν3 − 35ν2 + (35ν − 20ν2)X1) C˜ 1(ES2) + 45ν48 − 425ν312 + 35ν26
+
(
−100ν
3
3
+
145ν2
4
− 35ν
6
)
X1
]
+ n · χ1pˆ · χ2
[
45ν4
8
+
10ν3
3
− 25ν
2
16
]}
+
pˆ4r
rˆ3
{
(n · χ1)2
[(
−35ν3 + 245ν
2
4
+
(
35ν2 − 245ν
4
)
X1
)
C˜ 1(ES2) −
105ν4
16
+
2135ν3
48
− 35ν
2
24
+
(
1085ν3
24
− 595ν
2
16
+
35ν
24
)
X1
]
+
1
2
n · χ1 n · χ2
[
−105ν
4
8
− 245ν
3
12
+
35ν2
8
]
+ χ21
[(
5ν3 − 35ν
2
4
+
(
35ν
4
− 5ν2
)
X1
)
C˜ 1(ES2) +
5ν4
16
− 145ν
3
48
− 35ν
2
24
+
(
−95ν
3
24
+
5ν2
16
+
35ν
24
)
X1
]
+
1
2
χ1 · χ2
[
5ν4
8
+
55ν3
12
− 5ν
2
12
]}
+ 1↔ 2. (B9f)
The spin-cubed corrections in Eq. (49b) are
GS3 =
1
rˆ
{
(n · χ1)2
[
(5ν + (5ν − 5)X1) C˜ 1(BS3) +
(
−3ν
3
2
− 9ν
2
4
+
(
3ν2 +
9ν
4
)
X1
)
C˜ 1(ES2) − ν4 + 7ν3 +
5ν2
4
+
(
3ν3 − 7ν2 − 5ν
4
)
X1
]
+ χ21
[
((1− ν)X1 − ν) C˜ 1(BS3) +
(
3ν2
4
− 3νX1
4
)
C˜ 1(ES2) −
5ν3
4
+
3ν2X1
2
]
+ n · χ1 n · χ2
[(
−7ν
3
2
− 5ν
2
2
− 15νX1
2
)
C˜ 1(ES2) − 2ν4 +
37ν3
6
− 5ν2 +
(
ν3
3
− 11ν
2
3
)
X1
]
+ χ1 · χ2
[(
ν3 +
ν2
2
+
3νX1
2
)
C˜ 1(ES2) +
17ν3
12
+ ν2 +
(
5ν3
6
− 7ν
2
6
)
X1
]
+ (n · χ2)2
[(
2ν3 − 5ν
2
4
− 15νX2
4
)
C˜ 2(ES2) − ν4 +
89ν3
6
− 5ν
2
2
+
(
8ν3
3
− 25ν
2
3
)
X2
]
22
+ χ22
[(
−ν3 + ν
2
4
+
3νX2
4
)
C˜ 2(ES2) −
31ν3
6
+
ν2
2
+
(
8ν2
3
− 5ν
3
6
)
X2
]}
+
Lˆ2
rˆ2
[
(n · χ1)2
(
ν4
2
− 3ν
3
2
+
ν2
2
+
(
−3ν
3
2
+ 2ν2 − ν
2
)
X1
)
+ n · χ1 n · χ2
(
ν4 − ν3X1
)
+ (n · χ2)2
(
ν4
2
− ν
3X2
2
)]
+ pˆ2r
[
(n · χ1)2
(
−5ν
4
2
+
15ν3
2
− 5ν
2
2
+
(
15ν3
2
− 10ν2 + 5ν
2
)
X1
)
+ n · χ1 n · χ2
(
5ν3X1 − 5ν4
)
+ (n · χ2)2
(
5ν3X2
2
− 5ν
4
2
)]
, (B10a)
G˜S3 = GS3 with 1↔ 2. (B10b)
The spin-quartic corrections in Eq. (49) read
AS
4
=
1
rˆ5
{
(n · χ1)4
[
− 63ν
4
4
+ 36ν3 + 3ν2 +
(
−15ν
3
2
+
45ν2
2
− 15ν
2
+
(
45ν2
2
− 30ν + 15
2
)
X1
)
C˜ 1(ES2)
+
(
46ν3 − 33ν2 − 3ν)X1 + (−35ν2
4
+
35ν
4
+
(
35ν
2
− 35
4
)
X1
)
C˜ 1(ES4)
]
+ n · χ2 (n · χ1)3
[
−3ν4 + 3ν3 + (6ν3 − 6ν2)X1 + (3ν2 − 3νX1) C˜ 1(BS3) + (3ν2X1 − 3ν3) C˜ 1(ES2)]
+ χ21 (n · χ1)2
[
21ν4
2
− 27ν3 − 3ν2 + (9ν3 − 27ν2 + 9ν + (−27ν2 + 36ν − 9)X1) C˜ 1(ES2)
+
(−33ν3 + 24ν2 + 3ν)X1 + (15ν2
2
− 15ν
2
+
(
15
2
− 15ν
)
X1
)
C˜ 1(ES4)
]
+ χ22 (n · χ1)2
[
− 63ν4 + 58ν3 + (35ν2 − 35νX2) C˜ 2(BS3)
+
(
104ν3 − 93ν2)X2 + ((6ν3 + 12ν2)X2 − 12ν3) C˜ 2(ES2)]
+ χ1 · χ2 (n · χ1)2
[
− 189ν
4
2
+ 54ν3 − 42ν2 +
(
−21ν
3
2
− 105ν
2
2
+
(
21ν2
2
− 6ν3
)
X1
)
C˜ 2(ES2)
+ C˜ 1(ES2)
(
−33ν
3
2
− 105
2
C˜ 2(ES2)ν
2 − 42ν2 +
(
6ν3 − 21ν
2
2
)
X1
)]
+
1
2
(n · χ2)2 (n · χ1)2
[
21ν4
2
− 27ν3 − 3ν2 + (9ν3 − 27ν2 + 9ν + (−27ν2 + 36ν − 9)X2) C˜ 2(ES2)
+
(−33ν3 + 24ν2 + 3ν)X2 + (15ν2
2
− 15ν
2
+
(
15
2
− 15ν
)
X2
)
C˜ 2(ES4)
]
+ n · χ2 χ21n · χ1
[
23ν4
2
− 15ν
3
2
+
9ν2
2
+
(
−2ν4 − 6ν3 + 9ν
2
2
)
X1 +
(
3ν3
2
− 3X1ν
2
2
+
15ν2
2
)
C˜ 2(ES2)
+ C˜ 1(ES2)
(
9ν3
2
+
9X1ν
2
2
+
15
2
C˜ 2(ES2)ν
2 + 3ν2
)]
+
1
2
n · χ2 χ1 · χ2 n · χ1
[
23ν4
2
− 15ν
3
2
+
9ν2
2
+
(
9ν2
2
− 2ν4 − 6ν3
)
X2 +
(
9ν3
2
+
9X2ν
2
2
+ 3ν2
)
C˜ 2(ES2)
+ C˜ 1(ES2)
(
3ν3
2
+
15
2
C˜ 2(ES2)ν
2 − 3X2ν
2
2
+
15ν2
2
)]
+ χ41
[
− 3ν
4
4
+ 3ν3 +
(
3ν3 − 3ν2)X1 + (−3ν3
2
+
9ν2
2
− 3ν
2
+
(
9ν2
2
− 6ν + 3
2
)
X1
)
C˜ 1(ES2)
+
(
−3ν
2
4
+
3ν
4
+
(
3ν
2
− 3
4
)
X1
)
C˜ 1(ES4)
]
+
1
2
(χ1 · χ2)2
[
−3ν4 + 3ν3 + (6ν3 − 6ν2)X2 + (3ν2 − 3νX2) C˜ 2(BS3) + (3ν2X2 − 3ν3) C˜ 2(ES2)]
23
+
1
2
χ21χ
2
2
[
18ν4 − 55ν
3
2
+
(
−2ν4 − 47ν3 + 85ν
2
2
)
X2 +
(
15νX2 − 15ν2
)
C˜ 2(BS3)
+
(
9ν3 +
(−6ν3 − 9ν2)X2) C˜ 2(ES2)]
+ χ1 · χ2 χ21
[
− 3ν
4
2
+ 3ν3 − 3ν
2
2
+
(
−3ν
3
2
+
3X1ν
2
2
− 3ν
2
2
)
C˜ 2(ES2)
+ C˜ 1(ES2)
(
−3ν
3
2
− 3
2
C˜ 2(ES2)ν
2 − 3X1ν
2
2
)]}
+ 1↔ 2, (B11a)
QS
4
=
pˆ2r
rˆ4
{
χ22 (n · χ1)2
(
3ν4 − 6ν4X2
)
+ χ1 · χ2 (n · χ1)2
[
9ν4 − 3ν3 + (6ν4 − 12ν3 + 3ν2)X1]
+ χ21n · χ1 n · χ2
[−9ν4 + 3ν3 + (−6ν4 + 12ν3 − 3ν2)X1] }
+
pˆr
rˆ4
{
pˆ · χ1
[
(n · χ2)3
(−12ν4 + 4ν3 + (−8ν4 + 16ν3 − 4ν2)X2)+ n · χ1χ22 (8ν4X2 − 4ν4)
+ χ22n · χ2
(
12ν4 − 4ν3 + (8ν4 − 16ν3 + 4ν2)X2)+ n · χ1 (n · χ2)2 (8ν4 − 16ν4X2)
+ (n · χ1)2 n · χ2
(
20ν4 − 20ν3 + 4ν2 + (−8ν4 + 16ν3 − 4ν2)X2)
+ n · χ1χ1 · χ2
(−20ν4 + 20ν3 − 4ν2 + (8ν4 − 16ν3 + 4ν2)X2) ]}+ 1↔ 2. (B11b)
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